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Note: Attempt all questions from section A, any four questions from section B
and any two questions from section C.

Section: A (hx 4 = 20 Marks)
Prove following propositions:

(1) A contraction 1" on a metric space X is a continuous mapping.

(2) Does f defined by f(t,z) = |7|'/2 satisfy a Lipschitz condition on [0, 1]7

(3) Strong convergence implies weak convergence with the same limit but the
converse is not generally true.

(4) If (x,) and (y,) are sequences in the same normed space X, then x, 2z
and v, Zs y implies =, + Yn 2 x4y as well as axy, Yy ax, where a is any
scalar.

Section: B (10x4 = 40 Marks)

(1) Let (z,,) be a sequence in a normed space X. Prove that if dim X < oo, then
weak convergence implies strong convergence.

(2) Consider a metric space (X, d), where X +# ¢. Suppose that X is complete
and let T : X — X be a contraction on X. Then T has precisely one fixed
point.

(3) In analysis, a usual sufficient condition for the convergence of an iteration
7, = g(x,_1) is that g be continuously differentiable and

gzl €o <1

Verify this by the use of Banach’s fixed point theorem.
(4) Solve by iteration, choosing o = 1 :

1
z(t) — ,u/ afr) dr =1, L] < 1.
0

t
(5) Prove that x(t) — ,u/ k(t, 7)x(r)dr = v(t) has a unique solution for every

w if v € Cla, b and ks continnonson a < 7 <t a <t Kb
Section: C (20x2 = 40 Marks)

(1) Lat 2, X z. Then:

(a) The weak limit « of (z,) is unique.

(b) Every subsequence of (z,,) converges weakly to x.

If an A—Summability method with matrix A = (@) is regular then,
(a) limy,—oo Gnk =0,

(2)

1



(B) Bt ¥ aeq Gng= 1 and
(€) D opes lankl < 7.
(3) (a) If a system
z=Cx+b (C = (cjk). b given)

of n linear equations in n unknowns &, &, ..., &, (the components of x)

satisfies
n

el <1 (G =1Lousm),
k=1
it has precisely one solution x.
(b) Apply Cesdro’s summability method(Averaging method) to the following
sequences

1, 2 3
i)(1,0,1,0,1,- - - W L Lo ied]
(4)(1,0,1,0,1,---) (u)(,o, T )



