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DOON UNIVERSITY, DEHRADUN
Mid Semester Examination, 2016-2017
School of Physical Sciences
M.Sc.(Mathematics)II-Semester
Course: MAC-451: Functional Analysis

ERaie

Fime-Allowed:—2-Hours Mazximum-Marks:-30-—
Note

Attempt all questions from Section A, any four questions from Section B and any fwo
" questions from Section C.

Section: A (6/5 x 5 =6 Marks)
(1} Let T be a bounded lincar operator, then the norm can be defined by
CATIE= - sup || T .

: P z€ D(Thllell=1
{2) Prove that the real line R is separable. -~
{3) If a metric is induced by a norm, what additional properties it attains other than
those of a metric 7
(4) Let a and 8 be any positive numbers and p > 1,g be such that 1/p + 1/¢ = 1.
Show that
aF gq
af < —+ —
r q :
{(5) Prove that for any two bounded linear operators 77 and 75 on a normed space,
there holds
17 + Tl < 5 + 1 Z2]-

{(6) Prove that the space Cle,b| is not an inner product space.

Section: B (37X 4=12 Marks}
Prove following prepositions:

(1) Let X = (X, d) be a metric space. Then:
(a) A convergent sequence in X is bounded and its limit is unique.
(b) z, — 2 and y, — y in X, then d(z,,v,) — d(z,y).
(2) In an inner product space x, —— x, g, — y imply thd.t {Tn, yn) — (T, y). What
~ is the implication of this result ?

(3)-Consider—C{0,2n]-and-determine-the-smallest——sueh-that-y —c—B{z;r),where . ..

z(t) = sint and y(¢) = cost.
(4) Let T : D(T) — Y be a linear operator, where D(T ) C X and X, Y are normed
- spaces. Then T is continuous if and only if T" is bounded.
(5) On a finite dimenstonal vector space X, any norm || - || is equivalent to any other
norm || - [l¢.

Section: C ' (6 x 2 = 12 Marks)
(1) Prove the Holder inequality

oo : oo l/p 00 1/q
Solml < (Z |§j|p) ( > |?Ij|q) :
=1 g=1 =1

where p > 1 and 1/p+1/¢ = 1.
(2) The class of continuous.-functions,.C' [g,’.. b].._is.con‘lplete,_............. e

(3) The space I is not separable.



